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BLACK HOLE THERMAL EFFECTS IN THE SCATTERING PICTURE
HARET C. ROSU
Instituto de F´ısica, Universidad de Guanajuato, Apdo Postal E-143, Leo´n, Gto, Mexico
In the scattering picture, thermal radiation effects may be associated with the ‘above
barrier’ reflection coefficient, which comes into play because of complex turning points.
This note contains several general remarks on the application of the above statement to
Schwarzschild black hole radiance.
1.- At the present time, Hawking effect,1 and Unruh effect,2 are well settled
paradigms in quantum field theory and in physics in general.3 The widespread
opinion is that they are a significant contribution to our knowledge of the important
topic of quantum field thermality.
In this note, I comment on the occurence of thermal effects in the scattering
picture, in particular their connection with the ‘above-barrier’ reflection coefficient.
This seems to be less known than, for example, the fact that superradiant scattering
is closely analogous to stimulated emission.
2.- To derive the Schwarzschild ‘thermal’ radiance Hawking used a semiclassical
splitting of the massless Klein-Gordon solution together with an asymptotic, i.e.,
in-out formalism, which in fact is quite alien to the WKB approach. Following
a discussion by Schoutens et al,4 one can say that Hawking discovered that for
massless scalar s-waves propagating on the Schwarzschild background a broad in-
signal at past null infinity I− of the form,
exp(iωv(u)) = exp(iωu)[(u0 − u)/4M ]
−i4Mωθ(u0 − u) (1)
ends up into an outgoing s-wave with a given frequency ω at future null infinity I+.
In (1), v = t + r∗ and u = t − r∗ are null cone coordinates and r∗ = (2M)[ r
2M +
ln | r
2M − 1|] is the tortoise coordinate. The broad in-signal decomposes into a linear
superposition of ‘plane’ waves with very different frequencies, and this implies non-
trivial Bogolubov transformations between the Fourier coefficients of the out and in
fields. The physical result is just the Hawking ‘thermal’ radiation.
3.- Consider now the case of s-wave scattering in Schwarzschild geometry. The
massless scalar equation in Schwarzschild metric for s-waves of fixed frequency ω can
be written as a one-dimensional Schro¨dinger equation of the form,5 (with c = h¯ = 1,
and choosing length dimensions for the radial and time coordinates as well as for
the black hole ‘mass’)
[ d2
dr∗2
+ ω2 − Vs(r
∗)
]
ψ = 0 (2)
where Vs = (1 −
2M
r )
2M
r3 . The potential Vs is of finite range, in the sense that it
goes to zero for both ∞ and −∞ in the r∗ coordinate, and has been plotted by
Matzner,5 in 1968. It has a low peak Vmax = 3(
3
16
)2(2M)−2 at r∗ = 0.23(2M),
(the horizon is to be found at r∗ → −∞). As I said, the main point is that one
may associate thermal radiation effects (Hawking radiance) with the ‘above barrier’
reflection coefficient and if Matzner would have considered this case he would have
discovered the thermal radiation effect in 1968. There are very few authors who
previously provided arguments related to the ‘above barrier’ coefficient. Stephens,6
used an inverted oscillator barrier (for which all ω > 0 correspond to ‘above bar-
rier’ scattering), while Grishchuk and Sidorov,7 employed the squeezing approach.
Stephens’ argument is based on the formal change of an evolution operator in a
density matrix if one replaces it/h¯ by β. This transformation is the result of the
substitutions t→ −iτ , x→ x, x˙→ −ix˙, V (x)→ −V (x), and E → −E, leading to
the replacement of the barrier by its upside-down counterpart. As for the squeezing
approach, Hawking’s squeezing effect in the quasistationary region outside the hori-
zon refers to the so-called w and y quasi-particles (those having zero Cauchy data
on past null infinity, and zero Cauchy data on past horizon for positive, respectively
negative Kruskal parameter). Moreover, one way of writing a black hole in-vacuum
state in terms of the out-vacuum state is by means of a squeezing operator of the
type S(r, pi)|0w〉|0y〉, where the EPR-correlations are manifest in the phase of pi of
the squeeze operator. The Hawking-Bogolubov coefficient,7,8 can be identified with
the ‘above-barrier’ reflection coefficient
xhb = exp(−8piGMω) = exp(−ω/Th) = Rω . (3)
It is known that for energies well above the potential barrier the semiclassical reflec-
tion coefficient becomes exponentially small. Thus, the slope of the ‘above barrier’
reflection coefficient in a logarithmic scale is the same for all high frequencies and
may be used to define a unique temperature parameter. Only in this case, i.e., for
an exponentially small reflection coefficient one may obtain a Boltzmann-Planck
factor from the Rω
1−Rω
ratio. The semiclassical reflection coefficient becomes expo-
nentially small in two cases: either for the ‘above barrier’ scattering situation or
well below the potential barrier.9,6 For the massless scalar field in the Schwarzschild
background, the exponentially small backscattering is the main process because of
the low height of the barrier.
4.- I now comment on the close relationship between the ‘above barrier’ thermal
radiation and the well-known Stokes phenomenon in the mathematics of asymp-
totics, as implied by the scattering/WKB picture.10
Stokes phenomenon is a general feature of special functions and mathematical
asymptotics and refers to writing the solution of a partial differential equation as
a linear combination of multivalued functions in some asymptotic domain of the
complex plane. In such cases, which are quite common in physics and mathematics,
the solution is usually an entire function whereas the components of the linear
combination, being multivalued, will change whenever one is going at least once
2
around an arbitrary point of the complex plane, and therefore we have to make use
of a different linear combination. Why then use multivalued functions? A good
answer is to quote R.E. Meyer,11, “the representation by multivalued functions is
the only way in which the wave character can be displayed with great clarity”.
The Stokes phenomenon for the thermal scattering effects in the case of massless
scalar s-waves refers to complex ‘turning points’, i.e., complex roots of the momen-
tum function p(r∗) = ω2−Vs(r
∗), which enters the eikonal exponent S of the WKB
wave functionals S(r∗) =
∫
dr′∗[p(r′∗)]1/2. The locally multivalued functions for
the ‘above barrier’ thermal effect are of the WKB type u± = p
−1/4 exp(±S(r∗)).
In the asymptotic formalism, one does not take into account the potential barrier
from the propagational point of view. In the original papers of Hawking, it en-
ters merely through what seems to be reasonable considerations about the horizon
states.8 It is well established by now that the semiclassical approximation breaks
down at the horizon.12,13 Briefly, one switches from eikonal waves to normal modes
(roughly speaking, p−1/4 → ω−1/2 and the eikonal exponent reduces to the spatial
exponential factor of a simple harmonic normal mode, exp(±iωr∗)). Although this
appears to be a consistent and correct procedure at least for massless scalar fields,14
eikonal waves, being more general waves (the so-called quasinormal modes are an
important class with an extended literature), lead to further insight in the problem
of black hole radiation and stability.
5.- In conclusion, the association of thermal radiation with the ‘above barrier’
scattering may be considered as being different from the usual interpretation of
the Hawking effect in terms of ‘spontaneous emission’ in all modes implied by the
usual black body interpretation and the in - out formalism. It is in most of the
modes but not in all of them and is due to the ‘above-barrier’ scattering. On the
other hand, black holes may show up various types of WKB tunneling phenomena
that can affect the thermality of their radiance.15 Consider the more realistic case
of electromagnetic waves impinging on a small Schwarzschild black hole (we need
a small black hole in order to have a relevant radiation effect). Then two real
turning points,16 may be present. In laboratory physics there exist well-known
thermal emission phenomena - field emission and thermionic emission of electrons
from solid state surfaces,17- which are well described by the WKB tunneling with
two real turning points.
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